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This lecture tends to propose an introduction of cyclic homology as a homo-
logical approximation of K-theory. Initially introduced by Rinehart and Connes
as a modification of Hochschild homology implementing a noncommutative ana-
logue of de Rham theory, this invariant turns out to produce interesting K-theory
traces. Indeed, given any even cyclic cocycle ¢ over a complex algebra A, the
assignment e — ¢(e,--- ,e) defines an additive morphism Ky(A) — C. This con-
struction, known as the Chern-Connes pairing between K-theory and even periodic
cyclic cohomology, exhausts all possible index pairings. Its computation has been
performed in many cases and provides both explicit formulas of topological invari-
ants and interesting results in representation-theory. The periodic cyclic homology
being a finer invaraint than K-theory, this pairing is mostly irrelevant for the C*-
algebraic case but becomes informative after replacement by a good subalgebra.
The entire and asymptotic cyclic homology overcome these problem by proposing
coarser invariants well-adapted to the C*-algebraic framework.

1 Hochschild homology

The Hochschild homology arose naturally in the algebraic theory as a machine
to compute the failure of commutativity of an algebra. This homology defines a
non-commutative generalization of the notion of differential forms. This analogy
is known as the Hochschild-Kostant-Rosenberg theorem and propelled the domain
of non-commutative Geometry in the early 60’s. A complete introduction is given
in [Lod92, p. 1.1].

Let A be a complex unital algebra. We use ® to denote the tensor product over
the complex numbers. For n > 0, consider the vector space C,(A) := A®"*1. One
can define n 4 1 operators denoted d; : C,,(A) — C,,_1(A), for 0 < i < n, given by:

apa1 ®as X -+ R ay, 1=0
di(ag® -+ R ay) = AR Qa1 Q- Ra, 0<i<n
Antp ® a1 Q-+ Q ap—1 1=n

These operators verify the identities d;d; = d;_1d; for 0 <7 < j < n, then induce

a differential map
n

b= (=1)'d; : Cu(A) — Cn_1(A). (1)

=0

verifying the condition bo b = 0.

Definition 1.1. We define the Hochschild homology of a complexr unital
algebra A as the complex vector spaces

HH,(A) := H,(Ci(A),b).
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The Hochschild homology groups are functorial for the variable in the sense that
any homomorphism of complex unital algebras f : A — B induces a linear map
HH(f): HH.(A) — HH,(B) at any degree.

Exercise 1 Show that for any unital algebra A, there exists an isomorphism
HHy(A) ~ A/[A, A] where [A, A] = (ab—ba | a,b € A) denotes the linear-span
of commutators of the algebra. Conclude that HHy(A) ~ A if and only if A is
commutative.

The Hoshchild homology can be defined using coefficients. The coefficient space
requires a right and left actions of A to ensure the differential b is well-defined. Such
a space is called a bimodule over A. We define the Hochschild homology of a com-
plex algebra A with coefficients in a A-bimodule M as the homology of the
chain complex made of the chains C,,(A, M) := M ® A®" and the differential b
as before. Its homology groups are denoted HH,(A, M) and functorial in both
variables. We recover H H,(A) as the Hochschild homology H H, (A, A) with coef-
ficients in the A-bimodule A itself. One can find this construction in many book
about homological algebra.

Remark There exists a standard way to extend a functor R from unital algebras
with values in vector space to the category of not necessarily unital algebras. The
idea is the following. Given a complex non-unital algebra A one can adjoined
to it a unit by considering the algebra A, := C @& A endowed with the product
(Aa)- (N,d') = (AN, Ad’ + a) + ad’). By definition, the extension of R to non
necessarily unital algebra is given by

R(A) := Coker(R(C) — R(A})) (2)

which is well defined by functoriality. We will then mainly define the homologies
we will encounter for unital algebras and use this process to extends their definition
to the category of non necessarily unital algebra.

Remark The Hochschild homology corresponds to the derived functor [GMO02]
of the left-exact functor A — A/[A, A], or in other words to the Tor-functor
HH,(A) ~ Tor2™Pimed(4 A)  This point of view allows us to compute this
homology using other chain-complexes. Whenever P,(A) is a projective reso-
lution of A as a A-bimodule, its Hochschild homology is equal to HH,(A) ~
H, (A ® A-bimod Px(A)) and the result doesn’t depend on the resolution.

In the case of topological algebras we must specify which particular topological
tensor product we use to compute Hochschild theory. From now to the end, we will
mostly work with complex complete locally convex algebras. This class of
algebras includes Banach algebras, C*-algebras, Fréchet algebras and many smooth
function algebras as e.g. of Schwartz-type. In this setup, the completed projective
tensor product preserves the underlying topologies unlike the complex tensor prod-
uct, used until now. Given two Banach vector spaces E and F', their completed
projective tensor product is denoted E®,F and given by the completion of
E ® F with respect to the largest semi-norm || - || such that |le® f|l» = |lellg- || fllF
on elementary tensors [Gro54]. With two compact manifolds M and N, the com-
pleted projective tensor product realizes the identity

C®(M)@-C®(N) ~ C>®(M x N).

Definition 1.2. We define the Hochschild homology of a complex locally
convez algebra A as HH,(A) := H,(C.(A,®,),b), the homology of its Hochschild
complex defined using complete projective tensor product.



Let us compute some examples:

e A = C: The zero-th homology groups has already been computed in exercise
1 and all the other homology groups are zero:

C ifn=0;
HH(C) = { 0 ifn>0.
e A = C[T]: Again by exercise 1, we know that HHy(C[T]) ~ C[T]. We can
show that HH,(C[T]) ~ C[T] and HH,(C[T]) = 0 for any n > 1. More
generally, we have

HH,(C[Ty,---,T,]) =0 for n > r.

e A = CJI'] is the convolution algebra of a finite group T, i.e. its space of
Dirac measures with pointwise product. Its Hochschild homology recover the
homology of the group [Mac63].

Theorem 1.3 (Mac Lane). For every C[I']-bimodule M, there exists an iso-

morphism N
HH,(C[T|,M) ~ H,(T', M)

where M is endowed with the G-action given by g -m = gmg~'.

o A =C>(M,C) is the algebra of smooth functions over a compact manifold:
The description of its Hochschild complex in terms of differential forms on
M yields to the following important theorem [HKRO09).

Theorem 1.4. % (Hochschild-Kostant-Rosenberg) Let M be a compact man-
ifold. The Hochschild homology of C*°(M) := C*> (M, C) is isomorphic to the
graded-algebra of differential forms over M

HH,(C*(M)) =~ Q*(M).
Furthermore, the isomorphism is given by the anti-symmetrization map

€ fo® @ fn = fodfi-- - dfy. (3)

2 Cyclic (co)homology

Although Hochschild homology plays the role of differential forms over a manifold,
it lacks the important information of the De Rham differential. In 1963, G. Rinehart
proposed a generalization of the De Rham cohomology which fits in the Hochschild-
Kostant-Rosenberg theorem above [Rin63]. A. Connes in his book [Con85] defined
an operator

HH,(A) -2 HH,1(A)

whose aim is to play the role of the De Rham differential in a non-commutative
framework. Through the anti-symmetrization map e defined in (3) above, it be-
comes a multiple of the exterior derivative on the De Rham complex

HH,(C®(M)) -2+ HH, 1(C®(M))

{N Nle (4)

(M) — D grag)

The differential b together with the operator B (which is a differential) gives nat-
urally rise to the study of a bicomplex whose homology is called cyclic homology



and computes a non-commutative De Rham cohomology.

Fix A to be a unital (complete locally convex) algebra. The Connes’ bound-
ary operator B : C,(A) — C,11(A) is defined at the level of chain-complex as
follows

n
B(a0®...®an) ::Z[(—l)ﬂil®ai®...®an®a0®.--®ai_l
=0

— (—l)n(i_l)ai_l RIRa; R -a,RagR - Ra;_o|.

Remark In [Lod92, p. 2.1.7] you can find an alternative definition of the Connes’
boundary map using the cyclic operator ¢ : C,(A) — C,(A) given by t(ag ®
Ceelp) = ap ®ag ® -+ @ ap—1. It is the historical definition and justifies the term
"eyclic” in the name cyclic homology.

Proposition 2.1. The Connes’ boundary map verifies the properties
BoB=0 and Bb+bB =0.

The chain-complex C,(A) is endowed with the two commuting differentials b and
B of degree -1 and +1 respectively, which yields to a chain bicomplex. Let us call
cyclic bicomplex of a unital (complete locally convex) algebra the following

L Js Js

Ca(A) «E— C1(A) «E— Co(4) «E—

e b b
Ci(A) +F— Co(A)

v

Co(A)

Computation of the homology of a bicomplex One can associate to any bi-
complex (Cy 4, 0,0") a chain-complex Tot C, , called total complex. Its n-chains
are given by (Tot C ), = @, ,—, Cp,q and it is endowed with the differential
O+ 0. Tt can be viewed as a diagonal complex where you glue together the suc-
cessive diagonals.

Coy —2L— 1, A Coy +—2
o lo o
Co = Coy +—2L— ¢y, o Cy1 &
la o lﬁ
C(),() v (’I ,0 s CZ,() A
Tot C*_’* = C()"() M @/} Lg=1 (’/’»'I (ﬂ @pJH]:Q an M e

Definition 2.2. The cyclic complex of a unital (complete locally convez) algebra
A is defined to be the total complex of the cyclic bicomplez, denoted CCy(A) :=



Tot B, «(A). Its homology is called cyclic homology of A:
HC,(A) := H (CC.(A)).

When A is non-unital, we use the trick (2) to define its cyclic homology.

Exercise 2 For any (complete locally convex) algebra A, the zeroth cyclic homol-
ogy group is always HCy(A) ~ HHy(A) ~ A/[A, A].

Remark One can wonder what cyclic homology has to do with cyclicity. In the
early works of Connes [Con85], he adopted another definition of cyclic homology
which turns out to be equivalent to the one we proposed. Given a unital (complete
locally convex) algebra A, we can consider the cyclic operator ¢ : Cp,(4) —
Cr(A) on its chains, given by t(ag ® - ® a,) := (=1)"a, ® ag @ -+ @ ap—1. Of
course, this operator commutes with the Hochschild operator b and one can define
the chain-complex C}(A) := C,(A)/(1 — t)(C,(A)) with differential b. It can be
thought as the covariant complex of the action of the cyclic group. When the
ground field of A is of characteristic zero, one obtains the isomorphism

HC.(A) = H,(C}(A),b)

given by the projection C,(A4) — C(A) on the first column of B,(A) and zero
elsewhere.

A way to compute cyclic homology is to use a long exact sequence involving
both Hochschild and cyclic homology groups. The first column of the bicomplex
(Bxx(A), b, B) corresponds exactly to the chain-complex (Cx(A),b), computing the
Hochschild homology. The image of the embedding I : C,(A) — Bi(A) then
corresponds to the kernel of the two-degree shift S : By(A) — By (A)[—2] called
periodicity map. The following sequence of complexes is then exact:

0 —— Cu(A) —— B.(A) —— B.(A)[-2] — 0. (5)

By an argument of a long exact sequence we obtain the following statement we can
find in [Con8&5].

Proposition 2.3 (Connes’ exact sequence). Given any unital (complete locally
convex) algebra A over a field of characteristic zero, the following sequence is exact
foralln >0

HH,(A) —— HC,(A) —— HC,_5(A) —2— HH,_,(A)

Corollary 2.4. Any (continuous) morphism f : A — B of (complete locally
convez) algebras such that HH(f) : HH,(A) — HH,(B) is an isomorphism in
Hochschild homology induces an isomorphism HC(f) : HCy(A) — HC.(B) in
cyclic homology. The converse is also holds.

Proof. By induction on the homological degree using the Connes’ exact sequence,
the initialization being a consequence of the fact that H Hyo(A) ~ HCy(A). O

Let us compute some examples:
e Let A be a (complete locally convex) algebra such that HH, (A) = 0 for

n > 0 (for instance A = C). The exact sequence above shows that

HCp(A) ~ { HHy(A) if niseven

0 if nis odd



e A = C>®(M,C) is the algebra of smooth functions over a compact mani-
fold: The bicomplex CC,(C*°(M)) encapsulated both the data of differentials
forms and of the exterior derivative. The observation of G. Rinehart in the
early 60’s is that the homology of its total complex needs to be related to the
De Rham cohomology, which is the following theorem [Lod92, p. 2.3.7].

Theorem 2.5. If M is a compact manifold, the cyclic homology of its algebra
of smooth functions C=° (M) can be describe with De Rham cohomology groups

HC,(C®(M)) ~ Q"(M)/d(Q" (M) ® Hz*(M;C) & Hiz*(M;C) & - --

Exercise 3 In a straightforward computation, show that the diagram (4) com-
mutes when M is a compact manifold (i.e. C*°(M) is unital). Remember that in
the exterior algebra, the terms can be reorganized by multiplying with the sign of
the permutation.

The periodicity map According to the Hochschild-Kostant-Rosenberg theorem
and the exercise above, the inclusion of the quotient space Q™ (M) /d(Q2"~1(M)) into
HC,(C®(M)) for any n > 0 yields the following comparison of exact sequences.

(M) —— Q(M)/d(Q"H (M) —2 @2 (M) /d(@ (M) —L— 0= (M)

| | | |~

HH (C%(M)) ——— HCp(C®(M)) ———5—— HCp_5(C*®(M)) —5— HHy_1(C>(M))

Let me pinpoint the fact that the periodicity map is zero at the level of De Rham
cohomology, which enrich the cyclic homology with an intricate periodic structure.
It will play an important regarding the relation between successive Chern classes
that we will see in lemma 3.5.

The periodicity map in the Connes’ exact sequence can be also thought as the
a Gysin-morphism in homology, coming from a S'-sphere bundle. To make the
link, Connes defined a class of spaces called cyclic spaces. A cyclic space X is,
according to [Con85, Appendix A], a simplicial space together with a family of
homeomorphisms t,, : X,, — X,, verifying t"T! = id and such that for any i > 0

Oitn, = tn_10;—1, Ootn = On, 0oty =tn110;-1 and ogt, = t121+10n

where 0; are boundaries and o; are degeneracies of X. One can associate to a cyclic
space X two topological spaces |X| and | X|% called geometric realization and
cyclic geometric realization of X such that there exists a S'-principal bundle
7 | X| — | X|¥. Moreover, for any cyclic space X there exists a complex algebra
C[X] called cyclic module of X such that one has isomorphisms in complex
singular homology for all n > 0

HH,(C[X]) ~ H,(|X|) and HC,(C[X]) ~ H(|X|*)

Through these isomorphisms, the Gysin morphism associates to S!-principal bun-
dle obtained as cap-product by the Euler class e € H?(|X|%) is equal to the
periodicity map, and the following diagram commutes

HH,(C[X]) —— HC,(C[X]) —2— HC,_(C[X]) —£— HH,_,(C[X])

|~ I~ [~ I~

H(|X]) —— Hu(IX[?) —5—= Hn2(IX]¥) —5— Hua(1X])

where 7 and 7, denote respectively the pull-back and the push-forward (or inte-
gration along fibers) of the bundle.



The group algebra An example of algebra whose cyclic homology is interesting
to compute is the group algebra C[I'] associated to a discrete group I'. We fix an
element = € I" and we write (z) for its conjugacy class. For all n, we can define the
family spent by:

{0go ®++-®0dg, | gi €T and go---gn € (x)} C C[F]®n+l'

It is stable under the differential b and ¢ because these operators are just intern
multiplications and permutations. We write C,(C[[']), and C(C[[]), for the sub-
complexes of C,(C[']) and C(C[I']) generated by these families and H H,(C[I)..
and HC,(C[I')), for their contribution in Hochschild homology and cyclic homol-

ogy.

Proposition 2.6. The Hochschild complex and cyclic complex of the group algebra
C[T'] decompose along the space of conjugacy classes (G) of G and so the associated
homology groups

HH,(CT)~ € HH.(C[)). and HC.(CI))~ € HC.(C[])..
(2)E(G) (2)€(G)

One may expect to compute the homology of the local complexes to obtain informa-
tion on the global complex. First, recall that the classifying space BT is a discrete
group is a topological space such that 71 (BT) ~ I" and whose complex singular ho-
mology corresponds to the group homology of T', namely H,(BT') ~ H,(T',C). Fix
xz €TlandcallT, := {g € T' | g = xg} the centralizer of z in I". It is equipped with
an Z-action v, : Z x 'y — T given by 7,(n, g) := 2™g which induces a S!-action
By, : S* x BT, — BI',, on its classifying space. The following proposition gives a
description of the local components of the cyclic and Hochschild homologies of the
group algebra.

Proposition 2.7. For any x € T, the Hochschild homology and cyclic homology
of the group algebra C[U] over x can be computed as singular and S*-equivariant
singular homologies of the associated classifying space BTy, namely

H,(BT,) ~ HH,(C[[)), and HS (BT,)~ HC,(C[T)),

via the morphism of chain-complexes (go, -+, gn) = 0(gy..g,)~1 @ 0g, @ -+ 0y, .

When z is of infinite order, the S'-equivariant homology of the classifying space
BT, is modeled by the singular homology of the the classifying space of the quotient
group B(T',./(z)). It precise the previous description as follows.

Theorem 2.8. The Hochschild homology and cyclic homology of the group algebra
C[T] can be computed as follows (see [Lod92, §7.4.10] and [Bur85, Theorem IJ):

HH,(CI))~ € H.(I.,0),
(@)e(G)

HC.(CM)~ @ HIYBI)e @ H.l./(2),0),
(z)€(G)fin (z)e(G)=

where the superscripts "fin" et "oo!" split the cases wether x is of finite or infinite
order in I'.

Theorem 2.9. The Hochschild and cyclic homologies verify the following funda-
mental properties:

o (Morita invariance) [Lod92, pp. 1.2.4, 2.2.9] For any (complete locally convezx)
algebra A and r > 0, the trace map induces isomorphisms

HH,(M.(A)) ~ HH,(A) and HC.(M.(A)) ~ HC,(A).



o (Unital Excision) [Lod92, pp. 1.4.10, 2.2.17) Let 0 - I — A — B — 0 be
an extension of complete locally conver with continuous linear section and A
unital, the following sequences are exact for all n > 0

HH,(I) — HH,(A) —— HH,(B) —— HH,_1(I)

HC,(I) —— HCW(A) —— HCW(B) —— HC,_1(I)

Why cyclic homology is not the best homology? Consider the topological
space R2. Tt is smoothly contractible to the point so C>°(R?) and C are smoothly
homotopy equivalent algebras. Surprisingly, their cyclic homology groups aren’t
isomorphic. Indeed, our previous computations show that

HC,(C™(R?)) ~ QY(R?)/d(Q°(R?)) and HC;(C) =0,

the first quotient space being non-trivial because the 1-form w = xdy is not closed,
then doesn’t lie in the image of the exterior differential. Namely, one must remem-
ber that

Cyclic homology is not stable under smooth homotopy!

The result [Tab11] of G. Tabuado states that any homology theory which is Morita
invariant, satisfies excision and stable under smooth homotopy must be Z/27Z-
graded. This is the reason why we introduce the periodic cyclic homology, a Z/27Z-
graded homology that respect all these properties and plays a relevant role for the
study of K-theory.

3 Periodic cyclic homology

The K-theory is a fundamental tool in non-commutative geometry [Kar78]. In-
troduced in the 60’s by Alexander Grothendieck in order to states the well known
Grothendieck-Riemann-Roch theorem, it kept developing to appear as a major tool
in the proofs of Bott periodicity and Atiyah-Singer theorems. A big issue of this
theory is that the computation of these groups are highly non-trivial. The idea be-
hind periodic cyclic homology is to propose a more computable homology verifying
powerful properties and endowed with a pairing with K-theory.

We fix A to be a complete locally convex algebra as before. We can define the
differentials b : C),(A) — Cp,—1(A) and B : C,,(A) — Cy+1(A) on the graded vector
space C,(A) as above. These operators verify the property:

b = B? = (b+ B)* =0.
We splits the Hochschild complex into the even and odd parts:

Coven(A) := [] Can(4) and  Coaa(A) := [] Cant1(A).

n>0 n>0

The operator b+ B sends any even (resp. odd) degree element to a pair of odd (resp.
even) degree elements, thus defines a differential map on the following Z/2Z-graded
complex.

Definition 3.1. We call periodic cyclic complex of A the following complex:

b+B

CCu(A) := Coyen(A) % Coaal(A)



The periodic cyclic complex has only two homology groups, the even and the
odd, often called zeroth and first. We will distinguish the different type of gradua-
tions using the subscript "e" for any Z/2Z-theories. Also, one might remark that
the notation to designate the periodic cyclic complex corresponds to the notation
for the cyclic complex with a hat. Indeed, it comes from a more general construc-
tion which associated to a Z-graded complex its periodic Z/2Z-graded complex,

here CC,(A) is the periodization of CC,(A).

Definition 3.2. We define the periodic cyclic homology of A as the homology
of the periodic cyclic complex

HP,(A) := Hy(CC(A)).

Exercise 4 Using exercise 2 show that if a (complete locally convex) algebra A
verifies HH;(A) = 0 for ¢ > 0, then HP;(A) = 0.

Theorem 3.3. ¢ The periodic cyclic homology respects the following properties:

o (Morita invariance) [LQ84] For any (complete locally convez) algebra A and
r >0, the trace map induces an isomorphism

HP,(M,(A)) ~ HP,(A).

o (Ezcision) [CQ97]| [PusOl] Let 0 — I — A — B — 0 be an extension of
complete locally convex with continuous linear section, the following is exact

HPy(I) —— HPy(A) —— HPy(B)

l |

HP\(B) +—— HP,(A) +—— HP,(I)

e (Smooth homotopy invariance) [Kas87| If fo,f1 : A — B are continuous
morphisms of locally convex algebras, homotopic via a smooth family of con-
tinuous morphisms f; : A — B, then (fo)e = (f1)e : HPs(A) — HP.(B).
Moreover, if M is a compact manifold, the antisymetrization map € induces
an isomorphism between periodic cyclic homology of its algebra of smooth
functions C*°(M) and its De Rham cohomology groups

HP,(C>*(M)) ~ [ Hint*(M;C).

n>0

In geometry, the Chern classes are topological invariants (sometimes com-
plete) which furnish a way to distinguishing vector bundles over a smooth mani-
fold. They all live in even degree De Rham cohomology. The Chern character
is a character that gathers these data, associating to a vector bundle over a given
smooth manifold a polynomial with coefficients in its Chern classes [Hir56]. It fac-
torizes over the even K-group ring of the manifold as is transforms tensor product
of vector bundles into cohomological product of their Chern classes

Chap : K°(M) — [[ Hin(M;C).

n>0

The left hand space is an abelian group while the right hand one is a complex
vector space. These are difficult to compare but while tensoring over the rational
numbers, the following description occurs [Atil9)].



Theorem 3.4. W (Atiyah-Grothendieck-Hirzebruch) The Chern character is a
rational isomorphism

Char ®z C: K°(M) @z C = [[ Hin(M;C).
n>0

As seen in the third point of theorem 3.3, the periodic cyclic homology of a unital
algebra of smooth functions corresponds to the even and odd parts of the De Rham
cohomology of its spectrum. This motivates the existence of an algebraic version of
the Chern character from the K-theory of an algebra to its periodic cyclic homol-
ogy. This would produce an algebraic computation for these unreachable K-groups.

Consider A to be a locally convex algebra. We recall that the set p(A) of any-
size idempotent matrices over A defines a monoid for the Whitney sum. The even
K-theory of A is defined to be the Grothendieck group of this monoid

Ko(A) == Gr(p(A)).

It is generated by differences [e] — [f] € Ko(A) where e and f belongs to p(A).
Given an idempotent matrix e € M,.(A) and n > 0, let us write

(e) = e ifn=0
€)= (—1)n 2 (e — 3) ®e®?™  otherwise

n!

Con(M,(A)).

The coefficient in front of this definition appears in the expression of the trace of
an exponential matrix, the usual way to define the geometric Chern character with
value in De Rham cohomology.

Lemma 3.5. For any idempotent matriz e € M,.(A) and n > 0 the chain c,(e) €
Caon(M,(A)) verifies (b+ B)(cn(€e)) = 0 and defines the n-th Chern class of e

Chy(e) := [Tr(cn(e))] € HCop,(A)

which only depends on the class of the idempotent matrix. Moreover, one has the
formula S(Ch,(e)) = Ch,_1(e).

Definition 3.6. The Chern character of a locally convex algebra A is a
group morphism defined as

Ch: Ky(A) — HPy(A)
[e] — Ch(e) = (co(e),ca(e), )’

well-defined by Morita invariance.

This construction coincide with the geometric Chern character in the case of a
smooth commutative algebra [Lod92, p. 8.3.9], namely Chgg = € o Ch.

Although the Chern character is defined for a broad class of algebras, its exis-
tence does not guarantee that it provides useful information about their K-theory!
The classes of algebras for which K-theory is well behaved and those for which peri-
odic cyclic homology is informative do not necessarily coincide. For instance, con-
sider a compact manifold M. On one hand, the continuous inclusion of its Fréchet
algebra of smooth functions C*°(M) into its C*-algebra of continuous functions
C%(M) realizes an isomorphism in K-theory

Ko(€(M)) < Ko(CO(M)).
This is due to the De Rham theorem that relates the De Rham cohomology and

the singular cohomology by integration [BT82]. On the other hand, whereas the
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periodic cyclic homology of C*°(M) is isomorphic to the De Rham cohomology of
the manifold (see theorem 3.3), its C*-algebra of continuous functions verifies

HPy(CO(M)) ~ B(M) and HP(C°'(M))=0

where B(M) is its space of Borel measures over M [Haa83]. While K-theory re-
mains stable under these different completions, periodic cyclic theory drastically
differentiate them

Ko(C®(M)) —=— Ko(C°(M))

@) Jen

HPy(C>®(M)) —=— HP,(C°(M))

This example shows how periodic cyclic homology and K-theory can behave quite
differently in certain situations and that the Chern character from K-theory to
periodic cyclic homology can be far from being an isomorphism. To go further,
the introduction of the book [Pus03] cite various examples of the Chern character’s
behavior depending on the completion-type of the algebra.

However, in some cases the Chern character becomes a powerful tool but after
replacing the underlying algebra A by another one A with same K-groups but
better computable periodic cyclic homology

Ch: Ko(A) ***** > Ko(.A) E— HP()(.A)

Since K-theory is stable under passage to dense subalgebras which are closed under
holomorphic functional calculus (it is not the case for periodic cyclic homology),
the main type of algebra one wants to work with are intermediate algebras between
smooth and C*-algebras, e.g. of Schwartz or Hecke types. They simultaneously
retain and reflect information in the K-theoretical side and possesses enough ana-
lytic structure to be computable in periodic cyclic homology.

We list some examples where such strategy provides some informations.

Theorem 3.7 (Baum-Higson-Lafforgue-Plymen-Solleveld). [Sol05] [Sol07] [BHPOO]
[Laf06] Let G be a reductive p-adic group. The Baum-Connes assembly map

T K%(Q) — Ko(C7(G))

from the equivariant K-theory of its Bruhat-Tits building G to the K-theory of its
reduced C*-algebra is rationally an isomorphism.

Proof. (Just the main strategy). Write H(G) and S(G) for the Hecke and Schwartz
algebras of the reductive p-adic group G. The proof follows from the fact that the
following diagram commutes

Ko(H(G)) = K&(G) —— Ko(C}(G)) =~ Ko(S(G))

o Jon

HPy(H(G)) ————— HPy(S(Q))

where the vertical Chern characters are rational isomorphisms and the bottom
arrow is the continuous inclusion of the Hecke algebra into the Schwartz algebra,
which is an isomorphism because these finite-type algebras are stratified equivalent.

O

Theorem 3.8 (G., 2026). Given a real reductive Lie group G with mazimal com-
pact subgroup K, there exists a Chern character

Ch: K*(C(G/K)) = K*(C(G/K)) — HP*(C*(G/K)) = HP*(C*(G/K)

11



compatible with the left-translation action of the group G. Moreover, the product
by the Chern character of the Dirac element Ip € Kglm(G/K) (C+(G/K)) realizes the

degree-shift isomorphism
Ch(D) x — : HPy((A®xD) x K) = HPy qim(c/x)((A2=D) x G)

for every locally convex algebra A endowed with a smooth action of G, after stabi-
lization by a smooth Schatten ideal D.

The pairing of K-theory with periodic cyclic cohomology Given a com-
plete locally convex algebra A and n > 0, we write C™(A) := Hom(C,(A),C) to
denoted the continuous linear dual of the chain complex of A. It is made of con-
tinuous functions ¢, : A x -+ x A — C that are linear. The periodic cyclic
complex of a complete locally convex algebra A is defined as

— (b+B)Y
CC’.(A) = Oeven(A) —_— Codd(A)
(b+B)Y

where (0¥ + BY)(¢) := ¢ o (b + B) is the dual of the periodic cyclic differential.
An even or odd cochain is then a collection of continuous linear functions (¢ay,)n
or (¢2n+1)n with complex value. This complex yields a homology called periodic
cyclic cohomology of A, given by HP*(A) := H*® (@(A)) Periodic cyclic ho-
mology still respects Morita invariance, excision and smooth homotopy invariance
in the sense of theorem 3.3. Moreover, in many cases, periodic cyclic cohomology

verifies
HP*(A) := lim HC?*™ e (A).

Exercise 5 Shows that every trace 7 over a complete locally convex algebra defines
a class [r] € HPY(A).

Remark By definition, one can always pair periodic cyclic cycles and periodic
cyclic cocycles (—, —) : HPy(A) x HP°(A) — C via the evaluation map. In par-
ticular, every cocycle [¢] € HP°(A) induces a linear map (—, [¢]) : HPy(A4) — C
which makes HPY(A) a linear subspace of HPy(A)Y. When A = C>°(M) is the
algebra of smooth functions over a compact manifold M of dimension m, the
Hochschild-Kostant-Rosenberg theorem together with the Poincaré duality yield
HPY(C>(M)) C HJ};**(M) and the evaluation pairing becomes in this case

([w], [W]) = /Mw’ ANweC
where [w] € HPy(C®(M)) ~ H53™(M) and [w'] € HPY(C*(M)) C HJy V™ (M).

Proposition 3.9. Let A be a unital locally convex algebra. There exists a complex
valued pairing (—, =) : Ko(A) x HPY(A) — C called Chern-Connes pairing
between K -theory and periodic cyclic cohomology, given by

(1. 6]) = 0(Ch(e) = (-1 2, e 172,00

where e is an idempotent matriz over A and ¢ = (pan)n is an even periodic cyclic
cochain of matrices with coefficients in A.

Remark To my knowledge, the Chern-Connes pairing takes its origin from a sim-
ple but fundamental observation provided by Connes in [Con85]. Let A be an
algebra and ¢ : A x --- x A — C be a linear map. If ¢ verifies, for all a; € A, the
conditions

12



o ¢(ag, - ,an) = (=1)"¢(an, a0, - ,an-1);
o Yt o(=1)d(ag, - aiait1, - ang1) = (—1)" M P(any1ao, a1, an)

then the assignment e — ¢(e, - ,e) defines a morphism Ky(A) — C. These
conditions are equivalent for ¢ to be cyclic and closed for the Hochschild differential,
namely that ¢ defines a cyclic cocycle in HC?"(A).

One of the main important fact about this construction is that one can express
Fredholm indexes using this Chern-Connes pairing [Con85, Chapter 7] [GE20].

Definition 3.10. An operator T on a Hilbert space is said to be p-summable
and we write T € (P if its p-Schatten norm is finite, namely if Tr (T*T)? < oo.
A bounded Fredholm module (H, F,7) on a locally convex algebra A is said to be
finitely-summable if there exists p > 0 such that the commutator [F,n(a)] is
p-summable for every a € A.

Theorem 3.11. ¥ (Connes-Moscovici) Let A be a unital locally convex algebra
and (H, F, ) a p-summable bounded Fredholm module over it with property F? = 1.
For 2n > p, the formula

dan(a0, -+ azn) = (—1)"Tr (wao)[F, r(a)] - [P, w(am])

where vy is the grading morphism defines an even periodic cyclic cocycle pp = (Pan)n
which depends only on the homotopy class of the finite-summable Fredholm module.
Moreover, for any idempotent matrix e over A the analytic index of the Fredholm
operator F, := w(e)Fm(e) acting on H can be expressed as

Indexan () = {[e], [¢7]) € Z.

Firstly, this theorem constructs a cocycle associated to a finite-summable Fredholm
module (the assumption insures that the trace above is well-defined), which can be
thought as a partial Chern character Ch" from some K-homology classes to periodic
cyclic cohomology. Secondly, it states that the integral pairing between K-theory
and K-homology can be recovered as the evaluation pairing between periodic cyclic
homology and cohomology

(= =)k = (Ch(=),Ch" (=) up.

Remark In the case of spin Dirac operators, one can recover the Atiyah-Singer
index formula from the Connes-Moscovici index theorem. Take A = C°°(M), the
algebra of smooth functions over a compact even-dimensional spin-manifold M. If
FE is a smooth vector bundle over M, its sections defines an idempotent matrix e
over C>°(M) and we can compute Ch(e) = Ch(E) € HS"(M). Furthermore, if
J/ I'(ST) — I'(S7) is the spin Dirac operator over M, its associated periodic
cyclic cocycle corresponds to the A-genus A(TM) € HP(C*(M)) C HSE™(M).
Then, the Connes-Moscovici theorem asserts that the analytic index of the twisted
spin Dirac operator lﬁ;g :T(ST®E) —T(S™ ® E) can be computed as

Indeson () = ((E], [6p)) = /M A(TM) A Ch(E) = Indexiop (B1).

Analogous statement holds for any elliptic operator over M, involving principal
symbols and Todd-classes [Con85] and [CM90].

Some explicit computations of the Chern-Connes pairing has been performed
in various cases such as the smooth algebra of a compact manifold ([Con85] and

13



[CM90] as said before) and its equivariant case ([PT22]), the group algebra of a
discrete group ([HW18] and [RWW20]), the Harish-Chandra’s Schwartz algebra of
a real reductive group ([ST19]), etc. Also, if G a real Lie group G and M a manifold
equipped with a cocompact G-action, any elliptic operator D on a vector bundle
over M produces an equivariant index

Indexg (D) € Ko(Cr(G))

via the Baum-Connes assembly map. The computation of the different pairing of
this index with periodic cyclic cocycles (such as orbital integrals) provides infor-
mation about the Baum-Connes conjecture. The main computations have been
performed by [HST20] and [HW17]| using Harish-Chandra’s Schwartz algebra and
mostly rely on representation-theoretic information. This pairing both computes
topological invariants (like Euler characteristic) and provides powerful representa-
tion theoretic statements (e.g. Selberg principle). Some results intimately related
to the Baum-Connes conjecture, might rely on the computation of Chern-Connes
pairings.

e (The idempotent Kadison conjecture) Suppose I' is a torsion free group.
Then, the only idempotent of C¥(T") are e = 0, 1.

Proposition 3.12. The canonical trace map 7 : C[I'] — C given by

T (Z ag(59> = G

extends to a group morphism 1, : Ko(Cx(T')) — C. If there exists a
finitely-summable bounded Fredholm module [(H,F,7)] € K°(C*(T)) such
that 7.([e]) = ([e], [ChY(F)]) for any idempotent matriz e over A, then the
idempotent Kadison conjecture is true.

e (The Novikov conjecture) Suppose M is a manifold of dimension 4k, denote
I := 71 (M) its fundamental group and f : M — BT the associated classifying
map. For any cohomology class a« € H*(BI'; Q), the higher-signature

0a(M) := (L(TM) U f*a, [M]) € Q,

where L(TM) is the Hirzebruch L-class of the tangent bundle obtained as a
polynomial in the Pontryagin class of M, is a homotopy-invariant.

Theorem 3.13. If the Baum-Connes assembly map is rationally injective,
then Novikov conjecture holds.

Proposition 3.14. Suppose there exists a dense subalgebra Ar C Cx(T)
preserving K-theory such that the cohomology class o € H*(BT;Q) extends
to a cocyle [po] € HPy(Ar). Then, its Chern-Connes pairing together with
the T'-invariant index of the signature operator Indexr(Dsign) € Ko(CH(T))
recovers the higher-signatures of the manifold

0a(M) = (Indexr(Dsign), [¢al)-

Although the pairing provides interesting computation for complex or smooth al-
gebras, the C*-algebraic case isn’t well-behaved.

Theorem 3.15. For any stable C*-algebra A (namely AQc-K ~ A), the associated
Chern-Connes pairing is identically zero.
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Is there a better homology than periodic cyclic homology? Although
periodic cyclic homology provides a computable receptacle of the Chern character
coming from K-theory, this construction might be disappointing for some classes
of algebras. Other homologies such as entire cyclic homology [Con85, Chapter 7]
asymptotic cyclic homology [Pus96] or local cyclic homology [Mey07] have been
constructed to overcome this problem and propose alternative solutions in the C*-
algebraic case. As for periodic cyclic homology, they respect various stability and
excision properties and are endowed with a Chern character. Moreover, they are
preserved by restriction to smooth subalgebras and then faithfully reflect the prop-
erties of K-theory of C*-algebras. Here we review some of their main properties.

Entire cyclic homology This cohomology proposes to extend the dual Chern
character to a broader class of Fredholm modules, although preserving major prop-
erties of periodic cyclic homology.

Definition 3.16. Let A be a Banach algebra. A periodic cyclic cochain (¢don)n
(resp. (dan+1)n) on A is said entire if the following serie has an infinite radius of

converge
2" 2"
SlomlZy (e S lomnl %),

where ||¢m || = supjjq, <1 |Pm(ao, - ,am)|. Denote by CCZ(A) the periodic cyclic
subcomplex made of entire cochains (exo 6), and CCZ(A) for its homological dual.
They compute entire cyclic homology and cohomology of the Banach algebra

HCS(A) = H (CCE(A)) and HC®(A) := H*(CC*(A)).

Exercise 6 Show that if ¢ is a periodic cyclic cocycle, one always has ||bY ¢, || <
(m + 2)||¢m]l and || BY ¢ || < 2||¢m || for all m > 0 [Con85, p. 377].

To my knowledge, the original motivation for this definition is the following ob-
servation. Given f : A — B a continuous homomorphism of Banach algebras
and 7 a continuous trace over B, the pullback f,7 is an entire cocycle over A.
In a certain sense, this indicates that the pullback by a continuous algebra ho-
morphism preserves entire cyclic cohomology, i.e. furnishing a candidate for the
Grothendieck-Riemann-Roch theorem.

Theorem 3.17 (Puschnigg). [Pus01] Entire cyclic homology respects the following
properties with similar statements for entire cyclic cohomology:

e (Morita invariance) Given A and B two Morita equivalent Banach algebras,

one has HC:(A) ~ HC:(B);

o (Excision for involutive Banach algebras) Given A and B two involutive Ba-
nach algebras, any continuous extension 0 — I — A — B — 0 of Banach
algebras with continuous linear section yields a siz-term eract sequence

HCS(I) —— HC5(A) —— HCS(B)

| |

HC:(B) +—— HCS(A) +—— HC(I)

e (Smooth homotopy invariance) If fo, f1 : A — B are continuous morphisms
of Banach algebras, homotopic via a smooth family of continuous morphisms
ft+ A— B, then (fo)® = (f1)* : HC;(B) — HC:(A). Moreover, if M is a
compact manifold, then there exists a natural isomorphism

HCZ(C>™(M)) ~ [] HIwHe(M; ).
n>0
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Remark If we consider a locally convex algebra, the norm of a cochain is not well-
defined (because there is no notion of unit-ball in this case). In [Pus96, Chapter
5], Puschnigg proposes a refinement of this cohomology which fits a broader class
of algebra. Given a cochain ¢ over locally convex algebra A and a bounded subset
S C A, weset [|pmlls == D4 cqlPmlao, - ,am)|. A cochain is called locally
entire if it is entire over every bounded subset of A. This is equivalent to ask that
for any bounded subset S C A and r > 0, there exists a constant R > 0 such that

|dan(ag, -+ ,a2,)] < Rr~"nl, for any n > 0 and a; € S.

Idem for an odd cochain. Endowing A with its finest locally convex topology, these
estimates are well-defined and yields to the definition of locally-entire cohomology
HC?,,.(A). Another equivalent definition is provided by [Pus96] using an analytic

version of the Cuntz-Quillen X-complexes [CQ95].

Proposition 3.18. Let A be a Banach algebra and ¢ = (pay)n an entire even
periodic cyclic cochain over it. The following assignment is an entire function on
the ring of matrices over A

(2n)!
!

- Gon(x —1/2,2, -+ ).

o0
foro— (1
n=0
Moreover, its restriction to idempotents matrices only depends on the entire cyclic
homology class of ¢ and determines an additive map which is called entire Chern-
Connes pairing

(= —)e : Ko(A) x HC2(A) — C, ([e], [¢])e := fs(e).

The entire cyclic cohomology is then equipped with a Chern-Connes pairing as for
periodic cyclic cohomology. If we write ¢, for the natural inclusion of the entire
cyclic complex to the periodic cyclic complex, then (—, —). = (—,t.(=))gp. The
main advantage of this entire theory is that it extends the definition domain of the
usual dual Chern character to a broader class of Fredholm modules, namely to any
f-summable spectral triples.

Definition 3.19. An unbounded Fredholm module (H,D,w) on a locally convex
algebra A is said to be 8-summable if Tr(e_D2) < 00.

This condition is weaker that the finite-summability according to the next lemma.

Lemma 3.20. Let (H, D, ) be an unbounded Fredholm-module over a locally con-
vex algebra A. If the associated bounded Fredholm-module is finite-summable, then
(H,D, ) is 0-summable.

Theorem 3.21 (Jaffe-Lesniewski-Osterwalder). [JLOS8S8| Let A be a unital Banach
algebra and (H, D, ) a 6-summable Fredholm module over it. The formula

2 2 2
$5n (a0, ,azn) ;:/A Tr (e 0P n(a0)e™ 1P [Fym(ar)] - e~ »P° [F, m(azn)] ) dAzn,
2n

where Ay, = {(ug, -+ ,Upm) € [0,00)" T | ug + -+ + uy, = 1} and v is the grading
morphism, defines an even entire cyclic cocycle ¢5, = (¢5,,)n which depends only
on the homotopy class of the 0-summable Fredholm module. Moreover, for any
idempotent matrix e over A the analytic index of the Fredholm operator D. :=
w(e)Dn(e) acting on H can be expressed as

Index(D.) = ([e], [¢D])e € Z.
Remark This entire cyclic cochain ¢7, is, in particular, a periodic cyclic cochain
but two unbounded Fredholm modules defining the same class in K-homology might

lead to different periodic cyclic cocycles. It is a consequence of the fact that periodic
cyclic homology is finer than entire cyclic cohomology and K-theory.
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Although entire cyclic cohomology extends the domain of the dual Chern character
from finite-summable to #-summable Fredholm modules, it remains close to periodic
cyclic homology. Indeed, these theories coincide for a broad class of algebras. It
has been established first in [Pus96] for involutive Banach algebras and generalized
in [MS04] for Fréchet topologies.

Theorem 3.22. Let F be the smallest class of Fréchet algebras such that:
e CeFand P € F foranyp>1;
e F is closed under smooth homotopy equivalence;

e [f, in an extension admitting a continuous linear section, two of the algebras
belong to F, then so does the third.

Then for every Fréchet algebra A € F, the natural inclusion o entire cyclic to
periodic cyclic complezes induces an isomorphism 1. : HC2(A) =~ HP*(A).

Asymptotic cyclic homology The idea behind asymptotic cyclic homology is
the following. The reason why entire cyclic homology is a better invariant than
periodic cyclic homology is that the requirement for a cocycle ¢ to be entire implies
in particular that the norms ||¢,| must decrease exponentially when n increases.
The control of the behavior at infinity rigidifies the cohomology. This is the mo-
tivation behind the notion of asymptotic algebras homomorphisms that are linear
map whose curvature tends to zero at infinity.

Definition 3.23. An asymptotic morphism of Fréchet algebras is a bounded
continuous family (f)i=o of continuous linear maps f; : A — B such that for every
semi-norm || - ||; defining the topology of B, one has

Jim | fe(aa’) = fu(a) fula)]|; = 0.

This definition is a reminiscence of the work of Connes and Higson [HC90] on
the description of bivariant K-theory groups. They make the use of an interme-
diate theory called bivariant E-theory which is well described using asymptotic
morphisms and deformation. More recently, Meyer proposed a more general archi-
tecture for this asymptotic Fréchet category via the notion of bornological vector
spaces and extended the definition of asymptotic cyclic homology into the so called
local cyclic homology [Mey07]. The major issue of the implementation of this
asymptotic category is that an asymptotic algebra homorphism doesn’t necessarily
induce a periodic cyclic chain-complex. In other words, periodic cyclic homology is
not functorial for this class of morphisms. To overcome this problem, the solution
is to use another description of periodic cyclic homology due to Cuntz and Quillen.
They defined a chain-complex easy to manipulate algebraically, called X-complex,
which contains all information encoded in the periodic cyclic homology and even
enriches the theory with a derived functor property with respect to quasi-free ex-
tensions [CQ95]. The refinement of periodic cyclic homology to fit the asymptotic
framework will correspond to a refinement of the topology of the X-complex.

Given a locally convex algebra A, its locally convex tensor algebra is the
algebra RA := A®(A®,; A)B (AR, AR, A)®--- whose multiplication is given by
the tensor product. Let us denote by I A the kernel of the multiplication morphism
RA — A. We endow RA with a [A-adic topology and we write RA for the
associated completion. The idea of Cuntz and Quillen is that we can recover
periodic cyclic homology with a Z/2Z-graded complex associated to RA.

Definition 3.24. The X -complex of a locally convez algebra R is the Z/2Z-graded
complex

Xu(R) = R == Ci(R)HC:(R)) -
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where b and B denote the Hochschild’s and Connes’ differentials.

Theorem 3.25 (Cuntz-Quillen [CQ95]). For every locally convex algebra A, there
exists a natural and continuous chain-homotopy equivalence

h: Xo(RA) =5 CCL(A).

Moreover, for any idempotent matriz e € M,.(A), there exists an idempotent matriz
e € M.(RA) with B(€) = 0 and such that Ch([e]) = [h(€)] € HPy(A). In other
words, there exists a Chern character

Chy : [e] € Ko(A) — Ho(X4(RA)) > [¢]
which factorizes the Chern character to periodic cyclic homology over the X -complez.

Lemma 3.26. Let f : A — B be an almost multiplicative linear map of Fréchet
algebras. The norm of the curvature of the associated linear map Rf : RA — RB
decay exponentially fast with respect to the respective adic valuations.

Definition 3.27. For any Fréchet algebra A, denote by RA the completion of RA
for finest locally-Fréchet topology such that any asymptotic morphism f : A — B in-
duces a continuous morphism of algebras Rf : RA — RB. We define asymptotic
cyclic homology and cohomology as

HC(A) == Hy(X.(RA)) and HCS(A) := H*(Hom(X4(RA),C)).

Due to this control at infinity, the asymptotic cyclic homology provides a power-
ful invariant which is coarser that periodic cyclic homology. Whereas periodic cyclic
homology is not stable under continuous homotopy, the next theorem states that
asymptotic cyclic homology is stable under restriction to regular enough Fréchet
subalgebras.

Definition 3.28. Let A be a Fréchet algebra. We say that a subalgebra A C A is
stable under holomorphic calculus if for every element a € A and holomorphic
function § on a neighborhood of the spectrum oa(a), then f(a) still belongs to the
subalgebra A.

Theorem 3.29 (Puschnigg). [Pus96, p. 7.1] For every admissible (commutative)
Fréchet algebra A with subalgebra A closed under holomorphic calculus, the inclu-
sion t: A — A induces an isomorphism in asymptotic cyclic homology

L HOY(A) = HC2(A).

In particular, for every compact manifold M and admissible Fréchet algebras A, the
following canonical inclusions yields isomorphisms in asymptotic cyclic homology

HC2(C™(M,A)) =5 HCX(CF (M, A)) == HCY(CO(M, A)).

Denote by S A the suspension algebra of A, made of of functions in C*°([0, 1], A)
that vanish at end points. In periodic cyclic homology, it is well known that
HP,(SA) ~ HP,11(A) by Bott periodicity but things differ for asymptotic cyclic
homology. Indeed, there is not great candidate for Bott element but, after stabi-
lization, one obtains HCY(S?A) ~ HCZ, | (SA) and HCS(S?A) ~ HCSTH(SA).

Theorem 3.30. Asymptotic cyclic (co)homology respects the following properties
which similar statements for asymptotic cyclic cohomology:

e (Morita invariance) Given A and B two Morita equivalent Fréchet algebras,
one has HCY(A) ~ HCY(B);
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(Excision for separable C*-algebras) [Pus96, p. 9.9] Given A and B two sep-
arable C*-algebras, any continuous extension 0 — [ — A — B — 0 of
separable C*-algebras with continuous linear section yields a siz-term exact
sequence

HCZ(SI) —— HC(SA) —— HCS(SB)

| |

HC?®(SB) «+—— HC®(SA) «—— HCX(SI)

(Smooth homotopy invariance) [Pus96, p. 6.10] If fo, f1 : A — B are smooth
asymptotic morphisms of admissible Fréchet algebras, homotopic via a con-
tinuous family of continuous morphisms f; : A — B, then (fo)® = (f1)* :
HC%(B) — HCY(A). Moreover, if X is a locally convex topological space,
then there exists a natural isomorphism

HC(Co(X)) ~ [] H**(X;0).
n>0

Theorem 3.31 (Puschnigg). [Pus96, p. 10.7] Let C be the smallest class of Fréchet
algebras such that:

Then

Cec;

C is closed under KK-equivalences (in particular if A € C and B is a C*-
algebra such that Ke(A) ~ K¢(B), then B € C);

If, in an extension admitting a continuous linear section, two of the algebras
belong to C, then so does the third.

for every C*-algebra A € C, the Chern character of theorem 3.25 extends to

the completion RA and yields rational isomorphisms

Cha,c : Ko(A) @2 C =5 HCZ(S?A) and Chlc: K*(S?A)®,C > HCL(S?A).

References

[Ati19]

Michael Atiyah. K-theory. en. London, England: CRC Press, June 2019.

[BHPOO] P. F. Baum, N. Higson, and R. J. Plymen. Representation theory of p-adic groups:

[BTS2]

a view from operator algebras. 2000. por: 10.1090/pspum/068/1767895. URL: http:
//dx.doi.org/10.1090/pspum/068/1767895.

Raoul Bott and Loring W. Tu. Differential Forms in Algebraic Topology. Springer
New York, 1982. 1sBN: 9781475739510. por: 10.1007 /978 - 1- 4757 - 3951 - 0. URL:
http://dx.doi.org/10.1007/978-1-4757-3951-0.

[Bur85] Dan Burghelea. “The cyclic homology of the group rings”. In: Commentarii Math-

ematici Helvetici 60.1 (Dec. 1985), pp. 354-365. 1ssn: 1420-8946. por: 10 . 1007/
bf02567420. URL: http://dx.doi.org/10.1007/BF02567420.

[CM90] Alain Connes and Henri Moscovici. “Cyclic cohomology, the Novikov conjecture and

hyperbolic groups”. en. In: Topology 29.3 (1990), pp. 345-388.

[Con85| Alain Connes. “Non-commutative differential geometry”. en. In: Publications Math-

[CQY5]

[CQ7]

ématiques de 'THES 62 (1985), pp. 41-144. URL: https://www.numdam. org/item/
PMIHES_1985__62__41_0/.

Joachim Cuntz and Daniel Quillen. “Algebra extensions and nonsingularity”. In: Jour-
nal of the American Mathematical Society 8.2 (1995), pp. 251-289. 1ssN: 1088-6834.
pol: 10.1090/s0894-0347 - 1995-1303029- 0. URL: http://dx.doi.org/10.1090/
S0894-0347-1995-1303029-0.

Joachim Cuntz and Daniel Quillen. “Excision in bivariant periodic cyclic cohomol-
ogy”. In: Inventiones mathematicae 127.1 (Jan. 1997), pp. 67-98. 1ssn: 1432-1297.
por: 10.1007/s002220050115. URL: http://dx.doi.org/10.1007/s002220050115.

19


https://doi.org/10.1090/pspum/068/1767895
http://dx.doi.org/10.1090/pspum/068/1767895
http://dx.doi.org/10.1090/pspum/068/1767895
https://doi.org/10.1007/978-1-4757-3951-0
http://dx.doi.org/10.1007/978-1-4757-3951-0
https://doi.org/10.1007/bf02567420
https://doi.org/10.1007/bf02567420
http://dx.doi.org/10.1007/BF02567420
https://www.numdam.org/item/PMIHES_1985__62__41_0/
https://www.numdam.org/item/PMIHES_1985__62__41_0/
https://doi.org/10.1090/s0894-0347-1995-1303029-0
http://dx.doi.org/10.1090/S0894-0347-1995-1303029-0
http://dx.doi.org/10.1090/S0894-0347-1995-1303029-0
https://doi.org/10.1007/s002220050115
http://dx.doi.org/10.1007/s002220050115

[GE20] Alexander Gorokhovsky and Erik van Erp. Index theory and Noncommutative Ge-
ometry: A Survey. 2020. por: 10.48550/ARXIV.2010.02900. URL: https://arxiv.
org/abs/2010.02900.

[GMO2] Sergei I Gelfand and Yuri I Manin. Methods of Homological Algebra. en. 2nd ed.
Springer Monographs in Mathematics. Berlin, Germany: Springer, Nov. 2002.

[Gro54] A. Grothendieck. “Produits tensoriels topologiques et espaces nucléaires”. fr. In: Sémi-
naire Bourbaki : années 1951/52 - 1952/58 - 1958/5/, exposés 50-100. Séminaire
Bourbaki 2. talk:69. Société mathématique de France, 1954, pp. 193-200. URL: https:
//www.numdam.org/item/SB_1951-1954__2__193_0/.

[Haa83] Uffe Haagerup. “All nuclear C*-algebras are amenable.” In: Inventiones mathematicae
74 (1983), pp. 305-320. URL: http://dml.mathdoc.fr/item/GDZPPN002099942.

[HC90| Nigel Higon and Alain Connes. “Entire cyclic homology of continuous trace algebras”.
In: (1990). URL: http://cm2vivi2002.free.fr/AC-biblio/AC-biblio91.pdf.

[Hir56] F. Hirzebruch. Topological methods in algebraic geometry. Springer Berlin Heidelberg,
1956. 1sBN: 9783662410837. po1: 10.1007/978-3-662-41083-7. URL: http://dx.doi.
org/10.1007/978-3-662-41083-7.

[HKRO9] G. Hochschild, Bertram Kostant, and Alex Rosenberg. “Differential Forms on Regular
Affine Algebras”. In: Collected Papers. Springer New York, 2009, pp. 265-290. 1sBN:
9780387095837. por1: 10.1007/b94535_14. URL: http://dx.doi.org/10.1007/b94535_
14.

[HST20] Peter Hochs, Yanli Song, and Xiang Tang. An index theorem for higher orbital inte-
grals. 2020. por: 10.48550/ARXIV.2005.06119. URL: https://arxiv.org/abs/2005.
06119.

[HW17] Peter Hochs and Hang Wang. “A fixed point formula and Harish-Chandra’s character
formula”. In: (2017). eprint: 1701.08479 (math.DG).

[HW18] Peter Hochs and Hang Wang. “Orbital integrals and K-theory classes”. In: (2018).
eprint: 1803.07208 (math.KT).

[JLOS&S]| Arthur Jaffe, Andrzej Lesniewski, and Konrad Osterwalder. “QuantumK-theory: I.
The Chern character”. In: Communications in Mathematical Physics 118.1 (Mar.
1988), pp. 1-14. 1ssN: 1432-0916. por: 10.1007/bf01218474. URL: http://dx.doi.
org/10.1007/BF01218474.

[Kar78| Max Karoubi. K-Theory: An Introduction. Springer Berlin Heidelberg, 1978. 1SBN:
9783540798903. por: 10.1007/978-3-540-79890-3. URL: http://dx.doi.org/10.
1007/978-3-540-79890-3.

[Kas87] Christian Kassel. “Cyclic homology, comodules, and mixed complexes”. In: Journal
of Algebra 107.1 (Apr. 1987), pp. 195-216. 1ssn: 0021-8693. por: 10.1016/0021 -
8693(87)90086-x. URL: http://dx.doi.org/10.1016/0021-8693(87)90086-X.

[Lafo6] Vincent Lafforgue. “K-théorie bivariante pour les algébres de Banach, groupoides et
conjecture de Baum-Connes, avec un appendice d’Hervé Oyono-Oyono”. In: Jour-
nal of the Institute of Mathematics of Jussieu 6.3 (Nov. 2006), pp. 415-451. 1ssSN:
1475-3030. por: 10.1017/s1474748007000084. URL: http://dx.doi.org/10.1017/
s1474748007000084.

[Lod92] Jean-Louis Loday. Cyclic Homology. Springer Berlin Heidelberg, 1992. 1sBN: 9783662217399.
poI: 10.1007/978-3-662-21739-9. URL: http://dx.doi.org/10.1007/978-3-662-
21739-9.

[LQ84] Jean-Louis Loday and Daniel Quillen. “Cyclic homology and the Lie algebra homology
of matrices”. In: Commentarii Mathematici Helvetici 59.1 (Dec. 1984), pp. 565-591.
1SsN: 1420-8946. por: 10.1007 /bf02566367. URL: http://dx.doi.org/10.1007/
BF02566367.

[Mac63| Saunders Mac Lane. Homology. Springer Berlin Heidelberg, 1963. 1sBN: 9783642620294.
DpoI: 10.1007/978-3-642-62029-4. URL: http://dx.doi.org/10.1007/978-3-642-
62029-4.

[Mey07] Ralf Meyer. Local and Analytic Cyclic Homology. en. EMS Tracts in Mathematics.
Zirich, Switzerland: European Mathematical Society, July 2007.

[MS04] Varghese Mathai and Danny Stevenson. “Entire cyclic homology of continuous trace
algebras”. In: (2004). por: 10.48550/ARXIV.MATH/0412485. URL: https://arxiv.org/
abs/math/0412485.

[PT22] Paolo Piazza and Xiang Tang. Primary and secondary invariants of Dirac operators

on G-proper manifolds. 2022. por: 10 . 48550/ ARXIV . 2204 .01498. URL: https://
arxiv.org/abs/2204.01498.

[Pus01] Michael Puschnigg. “Excision in cyclic homology theories”. In: Inventiones Mathemat-
icae 143.2 (Feb. 2001), pp. 249-323. 1ssn: 1432-1297. por: 10.1007/s002220000105.
URL: http://dx.doi.org/10.1007/s002220000105.

20


https://doi.org/10.48550/ARXIV.2010.02900
https://arxiv.org/abs/2010.02900
https://arxiv.org/abs/2010.02900
https://www.numdam.org/item/SB_1951-1954__2__193_0/
https://www.numdam.org/item/SB_1951-1954__2__193_0/
http://dml.mathdoc.fr/item/GDZPPN002099942
http://cm2vivi2002.free.fr/AC-biblio/AC-biblio91.pdf
https://doi.org/10.1007/978-3-662-41083-7
http://dx.doi.org/10.1007/978-3-662-41083-7
http://dx.doi.org/10.1007/978-3-662-41083-7
https://doi.org/10.1007/b94535_14
http://dx.doi.org/10.1007/b94535_14
http://dx.doi.org/10.1007/b94535_14
https://doi.org/10.48550/ARXIV.2005.06119
https://arxiv.org/abs/2005.06119
https://arxiv.org/abs/2005.06119
1701.08479
1803.07208
https://doi.org/10.1007/bf01218474
http://dx.doi.org/10.1007/BF01218474
http://dx.doi.org/10.1007/BF01218474
https://doi.org/10.1007/978-3-540-79890-3
http://dx.doi.org/10.1007/978-3-540-79890-3
http://dx.doi.org/10.1007/978-3-540-79890-3
https://doi.org/10.1016/0021-8693(87)90086-x
https://doi.org/10.1016/0021-8693(87)90086-x
http://dx.doi.org/10.1016/0021-8693(87)90086-X
https://doi.org/10.1017/s1474748007000084
http://dx.doi.org/10.1017/s1474748007000084
http://dx.doi.org/10.1017/s1474748007000084
https://doi.org/10.1007/978-3-662-21739-9
http://dx.doi.org/10.1007/978-3-662-21739-9
http://dx.doi.org/10.1007/978-3-662-21739-9
https://doi.org/10.1007/bf02566367
http://dx.doi.org/10.1007/BF02566367
http://dx.doi.org/10.1007/BF02566367
https://doi.org/10.1007/978-3-642-62029-4
http://dx.doi.org/10.1007/978-3-642-62029-4
http://dx.doi.org/10.1007/978-3-642-62029-4
https://doi.org/10.48550/ARXIV.MATH/0412485
https://arxiv.org/abs/math/0412485
https://arxiv.org/abs/math/0412485
https://doi.org/10.48550/ARXIV.2204.01498
https://arxiv.org/abs/2204.01498
https://arxiv.org/abs/2204.01498
https://doi.org/10.1007/s002220000105
http://dx.doi.org/10.1007/s002220000105

[Pus03]

[Pus96]

[Rin63)|

[RWW20]

[Sol05]

[Sol07]

[ST19]

[Tab11]

Michael Puschnigg. “Diffeotopy functors of ind-algebras and local cyclic cohomology”.
In: Documenta mathematica 8 (2003), pp. 143—-245. por: 10.4171/dm/143. URL: http:
//geodesic.mathdoc.fr/articles/10.4171/dm/143/.

Michael Puschnigg. Asymptotic Cyclic Cohomology. Springer Berlin Heidelberg, 1996.
1SBN: 9783540495796. po1: 10.1007/bfb0094458. URL: http://dx.doi.org/10.1007/
BFb0094458.

George S. Rinehart. “Differential forms in general commutative algebra”. In: Trans-
actions of the American Mathematical Society 108 (1963), pp. 195-222. URL: https:
//api.semanticscholar.org/CorpusID:54039628.

Paulo Carrillo Rouse, Bai-Ling Wang, and Hang Wang. Topological K-theory for
discrete groups and Index theory. 2020. por: 10 .48550/ARXIV.2012. 12359. URL:
https://arxiv.org/abs/2012.12359.

Maarten Solleveld. “Some Frechet algebras for which the Chern character is an iso-
morphism”. In: (2005). por: 10.48550/ARXIV.MATH/0505282. URL: https://arxiv.
org/abs/math/0505282.

Maarten Solleveld. “Periodic cyclic homology of reductive p-adic groups”. In: (2007).
DoI: 10.48550/ARXIV.0710.5815. URL: https://arxiv.org/abs/0710.5815.

Yanli Song and Xiang Tang. Higher Orbit Integrals, Cyclic Cocyles, and K-theory
of Reduced Group C*-algebra. 2019. por: 10.48550/ARXIV.1910.00175. URL: https:
//arxiv.org/abs/1910.00175.

Goncalo Tabuada. The fundamental theorem via derived Morita invariance, local-
ization, and A1-homotopy invariance. 2011. po1: 10.48550/ARXIV.1103.5936. URL:
https://arxiv.org/abs/1103.5936.

21


https://doi.org/10.4171/dm/143
http://geodesic.mathdoc.fr/articles/10.4171/dm/143/
http://geodesic.mathdoc.fr/articles/10.4171/dm/143/
https://doi.org/10.1007/bfb0094458
http://dx.doi.org/10.1007/BFb0094458
http://dx.doi.org/10.1007/BFb0094458
https://api.semanticscholar.org/CorpusID:54039628
https://api.semanticscholar.org/CorpusID:54039628
https://doi.org/10.48550/ARXIV.2012.12359
https://arxiv.org/abs/2012.12359
https://doi.org/10.48550/ARXIV.MATH/0505282
https://arxiv.org/abs/math/0505282
https://arxiv.org/abs/math/0505282
https://doi.org/10.48550/ARXIV.0710.5815
https://arxiv.org/abs/0710.5815
https://doi.org/10.48550/ARXIV.1910.00175
https://arxiv.org/abs/1910.00175
https://arxiv.org/abs/1910.00175
https://doi.org/10.48550/ARXIV.1103.5936
https://arxiv.org/abs/1103.5936

	Hochschild homology
	Cyclic (co)homology
	Periodic cyclic homology
	References

